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Abstract

In a digraph D = (V(D), A(D)), a vertex u dominates a vertex v if u = v or
w € A(D). A set S C V(D) is a dominating set of D if any vertex of V(D) is
dominated by at least one vertex of S. The domination number of D, denoted
by (D), is the minimum cardinality of a dominating set of D. A two-valued
function f : V(D) — {—1,1} defined on the vertices of D is called a signed
dominating function if f(N~[v]) > 1 for every v in D. The weight of a signed
dominating function is f(V(D)) = Zvev([)) f(v). The minimum weight of a
signed dominating function of D is the signed domination number ~5(D) of D.
Let B,, X B, be the strong product of directed paths B, and P,. In this paper,
we determine the exact values of A/(ﬁm X ﬁn) and %(ﬁm X ﬁn) for any m and
n, respectively.
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1 Introduction

All digraphs considered in this paper are finite without loops and multiple arcs.
For notation and graph-theoretical terminology not defined here we follow [3]. In a
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digraph D with a vertex set V(D) and an arc set A(D), u is said to be an in-neighbor
of v if v € A(D). For a vertex v € V(D), denote Np(v) = {u: uv € A(D)} be the
open in-neighborhood of v. The closed in-neighborhood of v is N [v] = Np(v) U {v}.
In all cases above, we omit the subscript D when the digraph D is clear from the
context. For S C V(D), D[S] denotes the subdigraph induced by S.

For two digraphs Dy = (V4, 4;) and Dy = (Va, Ay), the strong product Dy X D,
is the digraph with vertex set V; x V5 and (@1, 22)(y1, y2) € A(D; x D) if and only
if 11 = y; and zoys € Ay or 29 = yp and xz1y; € Ay or x1y; € A; and xays € Ao,
where z;,y; € V; for i = 1,2. We use D; = D, to present that D; and D, are
isomorphic. Throughout this paper, we denote the sets of vertices of directed paths
B, and P, by {u1,u,...,un} and {vi,ve,...,v,}, respectively. Furthermore, in
strong product B, & P, (see Figure 1), let X; = U, {(uj,v:)} for 1 < j < m and let
Vi = UL {(uj,v)} for 1 < <.

Now domination for undirected graphs is well studied and surveyed in [7]. How-
ever, domination for directed graphs (digraphs) has not yet been investigated ex-
tensively. A set S C V(D) is a dominating set of the digraph D if every vertex of
V(D) — S has at least one in-neighbor in S. The domination number of D, denoted
by v(D), is the cardinality of a smallest dominating set. Denote by v(D)-set we mean
a dominating set of D with cardinality y(D). In fact, domination in digraphs has
many applications such as answering skyline query in database [10] and routing in
networks [22]. For more results on domination in digraphs, we refer to [1,2,12,18].

The study of signed domination of undirected graphs was initiated by Dunbar
et al. in [5] and continued in [4,6,15,20] and elsewhere. In [23] Zelinka generalizes this
concept to digraphs. For a two-valued function f : V(D) — {—1,1}, the weight of f
is w(f) =3 ,ev(p) f(v). Formally, a two-valued function f : V(D) — {—1,1} is said
to be a signed dominating function if f(N~[v]) > 1 for each vertex v € V(D). The
signed domination number, denoted by vs(D), of D is the minimum weight of a signed
dominating function on D. We call a signed dominating function of weight v4(D) a
vs(D)-function on D. Signed domination of digraphs was studied by several authors
including [11,21]. Throughout this paper, if f is a signed dominating function of D,
then we let P and M denote the sets of those vertices in D which are assigned under f
the value 1 and —1, respectively. Therefore [V(D)| = |P|+|M| and v5(D) = |P|—|M].

Product graphs are considered in order to gain global information from the
factor graphs [8]. Many interesting wireless networks are based on product graphs
with simple factors, such as paths and cycles. In particular, any square grid (resp.,
torus) is the Cartesian product of two paths (resp., cycles) and any octagonal grid
(vesp., torus) is the strong product of two paths (resp., cycles) [9]. Recently, the
domination numbers of Cartesian product of two directed paths (resp., cycles) have
been determined [13,14,16,17,19,24].

In this paper, we are going to study domination and signed domination on
strong product of two directed paths. We obtain the exact values of v(P,, K P,) and
vs(Pp X P,) for any m and n, respectively.
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(u1,v2) (w1, vn)
(ug,v1) NS X,
(ua, v1) - X,

(U, v1)
i Ys

Figure 1: The strong product P,XP,

2 Domination number of ]3m X ]3,L

In this section exact values of domination number are determined for strong product
P, X P, for any m and n. Notice that if m = 1, then P,, ¥ P, is isomorphic to P,.
By the definition of dominating set, the following lemma is easily established.

Lemma 1 Let P, be a directed path. Then ~(P,) = 5]

Lemma 2 Let S be a dominating set of B, ﬁn, wheren > 2 . Then |SN (Vo1 U
V)| > [m/2].

Proof. Since each vertex in Y,,_; UY,, dominates at most 2 vertices of Y,,, it follows
that 2|S N (Y,_1 UY,)| > m, ie, |[SN (Vo1 UYL)| > [m/2]. O

Figure 2: A is the set of bold vertices in ]34 ]36

Lemma 3 For any positive integers k and [, "/(ﬁgk X ﬁgl) = kl.

Proof. Let Ay = Ule('th_l, v9;_1) for i =1,2,...,1. Then it is easy to verify that
A=U_ Ay 1isa dominating set, of 132k X ]321 (The dominating set A of 134 X ]36 is
shown in Figure 2). So 'Y(PQ[C X le) < |A] = kl. Let S be a fy(ng X PQ[) set. Since
each vertex in S dominates at most 4 vertices of sz X PQ[, we have 4|S| > 4kl, that
is, |S| > kl. Therefore, '\/(ng X PQ[) = kl. ]
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Figure 3: B is the set of bold vertices in P\X P
Lemma 4 For any integers k > 1 and [ > 0, 7(15% ﬁ21+1) =k(l+1).

Proof. We use induction on [ to complete the proof of Lemma 4. If [ = 0, then
P2k &PQZH is 1somorphlc to ng By Lemma 1, /(P2,c E]Pmﬂ) = (ng) = k. Assume,
then, that 'y(ng X PQTH) = k(r + 1) for all integers 0 < r < I. Now we show
that v(Poy B Py1) = k(I +1). Set Boyq = U (ugy—1,v25-1) for i = 1,2,..., 01+ 1
and B = Ué:}Bgi_l. Then it is not hard to check that B is a dominating set of
ﬁQk X ﬁng (The dominating set B of ]—i X 137 is illustrated in Figure 3). Thus
v(Py, ® Pyiy) < |B| = k(L +1).

Suppose that ﬂ/(P2k®P21+1) = k(I+1) is false. Then W(ng&PMH) < k(l+1)—
Let S be a 'y(ng X P21+1) set. Define D; = D[V(ng X Pglﬂ) \ {Yar, Yor1}]- Then
D, = B, K P2(1 141, and so y(D;) = /(PQk X PQ([ 1)+1) = kI by the induction
hypothes1s Clearly, S N V(D) is a dominating set of D;. According to Lemma
2, v(Dy) < |SNV(Dy)| = |S| |Sﬂ {Yo,Yoyu}| < k(l4+1)—1—-k =kl -1 a
contradlctlon Therefore, ’Y(ng X P21+1) =k(l+1). a

Notice that ngﬂ X PQI = Pgl X ngH. We immediately have the next result by
Lemma 4.

Lemma 5 For any integers k >0 and | > 1, 7(]32,“1 X ﬁ2l) =1U(k+1).

Figure 4: C' is the set of bold vertices in ﬁ5 X P}

Lemma 6 For any integers k > 0 and [ > 0, 7(ﬁ2k+1 X ]32l+1) =(k+1)(1+1).

Proof. We proceed our proof by induction on [. Note that P2k+1 X Pl PQkH Thus
the assertion is true for [ = 0 by Lemma 1. Assume that 7(P21€+1 IP2T+1) = (k+1)(r+
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1) for all integers 0 < r < I. Now we shall prove that v( Py B Pysy) = (k+1)(141).
Let Cy_q = Ufjf(uzt_l,v%_l) for i =1,2,...,1+ 1. Then one can easily verify that
C = U1y, is a dominating set of P2E+1 X Py+1 (The dominating set C' of PsX Py
is depicted in Figure 4). So y(Payr1 B Pyq) < |C| = (k+ 1)(I +1).

Suppose that ’Y(P’Qk+1®ﬁ21+l) (k+1)(l+1) is not true. Then A/(P2k+1®P2l+1) <
(k‘+ 1)(Z -+ 1) — 1. Let S be a ’Y(PQ]H_l X P2l+1) set. Define Dl [V(P2k+1 gpgl_._l) \
{Yar, Yoru1}]. Thus Dy = Py K Pz(z 1)+1, and so y(Dy) = ”/(P2k+1 X P2(l )41) =
(k+ 1)l by the induction hypothesis. Obv10usly7 SNV (Dy) is a dominating set of Dj.
By Lemma 2, v(Dy) < [SOV(Dy)| = [S]=[S0{Ya, Yora }| < (A+1)(I+1)—1—(k+1) =
(k+ 1)l — 1, which is absurd. Consequently, v(Por1 X Pyyq) = (k+1)(I+1). O

Combining Lemma 1, 3, 4, 5 and 6, we obtain the following theorem.

Theorem 7 For any positive integers m and n, v(P, R P,) = [m/2][n/2].

3 Signed domination number of ﬁm X an

Now let us turn our attention to the signed domination number of strong product
P X Pn We determme the exact values of s1gned domination number of strong
product P,® P, for any m and n. Recall that P X P, =~ P,. The following three
lemmas are trivial from the definition of signed dominating function.

Lemma 8 Lgt f lie a signed dominating function of ]3m X 13” For every vertex
(wi,v;) € V(P R B,), INT[(us,v;)] " M| <1, where2<i<mand2<j<n.

Lemma 9 Let D = (V(D), A(D)) be a digraph. Then vs(D) has the same parity as
V(D)

Lemma 10 Let 1371 be a directed path. Then */3(13;,,) =

Figure 5: The signed dominating function f of PR P

Lemma 11 For any positive integers k and I, 75(13% X ﬁQl) = 2kl.
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Proof. Let Fy = U (ug,vy) for i = 1,2,...,1. Define f : V(Py X Py) —
{—1,1} by assigning to each vertex of U!_, F%; the value —1 while to each vertex of
V(ﬁgk X 1321) — UL, Fy; the value 1. It is not difficult to check that f is a signed
dominating function on Py, ® Py with weight w(f) = 2kl (The signed dominating
function f on P, ® P is shown in Figure 5). So ”/s(ﬁgk 1321) < w(f) = 2kl
By Lemma 8, |M| = 22':1 S IN[(ugi, va;)] N M| < El. Then ~,(Py R Py) =
|V (Po, ® Py)| — 2|M| > 4kl — 2kl = 2kl. Therefore, v( Py & Py) = 2kl 0

Figure 6: The signed dominating function f of P; X P

Lemma 12 For any integers k > 1 and | > 0, "/s(ﬁgk X ﬁgl+1) =2k(l+1).

Proof The proof is by induction on . If I = 0, then ﬁzk X ]31 is 1somorphlc to
Po. By Lemma 10, fys(ng X P1) = A/S(ng) = 2k. Assume that A/S(ng X P2T+1) =
2k(r + 1) for all integers 0 < r < I. Now we show that v(Py B Py.y) = k(I + 1).
Let F5; be defined as that in the proof of Lemma 11, where ¢ = 1,2,...,l. Define
f: V(.ﬁgk X 13214—1) — {=1,1} as follows: each vertex of Ul_,Fy; is assigned the
value —1 while each vertex of V(]32k X ﬁ21+1) Ul 1 I is asmgned the value 1. It
is easily verified that f is a signed dominating function of ng X P21+1 with weight
w(f) = 2k(141) (The signed dominating function f of P& P; is illustrated in Figure
6). Thus ,(Po, K Pyiy) < w(f) = 2k(1 + 1).

Suppose that 'ys(ﬁ% X ﬁ21+1) = Qk(l + 1) is false. Then ’ys(ﬁgk X ﬁng) <
2k(1+1)—2 by Lemma 9. Let g be a ﬂ/s(ngﬁPng) function. Thus w(g) = |P|—|M| <
Qk(l-‘r 1) . Define D1 D[V(ng ®P21+1) \ {}/21, 5/21+1}] Then D1 ng ®ﬁ2(1_1)+1.
According to the induction hypothesis, v,(D;) = ys(ﬁzkgﬁQ(l,l)H) = 2kl. Obviously,
g1 = g|p, is a signed dominating function of D;. By Lemma 8, we can deduce that
[{(Yar, Yoot} VM| < k. S074(D1) < w(gn) = (1P| = 3k)— (IM] —k) < [P — | M| —2k <
2kl — 2. This is a contradiction. Therefore, v,( Py X P21+1) =2k(l+1). O

Since P2k+1®P21 P21®P2k+1, we immediately obtain the next result by Lemma
12.

Lemma 13 For any integers k > 0 and 1 > 1, A/s(lsg;ﬁ_l X 1321) =2(k+1).

Lemma 14 For any integers k > 0 andl > 0, 'ys(]_jzkH ®ﬁ21+1) =2(k+1)(l+1)-1.
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Figure 7: The signed dominating function f of PR P

Proof. If k =0, then ]31 X ]321“ is isomorphic to 1321“. The assertion follows directly
from Lemma, 10. Next we may assume that k£ > 1. We proceed our proof by induction
on . Recall that ngH X P1 P2k+1 By Lemma 10, the assertion is trivial for [ = 0.
Now assume that 'yS(ngH @P%H) = 2(k+1)(r+1)—1 for all integers 0 < r < [. First

we show that v(Po X Py 1) < 2(k+1)(r+1)—1. Let Fyi be defined as that in the proof

of Lemma 11 fori = 1,2,...,l. Define f : V(ngH&Png) — { 1,1} by asmgmng to
each vertex of UL_;Cy; the Value —1 while to each vertex of V(ngﬂ ®P2[+1) Ul 1022
the value 1. It is not hard to see that f is a signed dominating function of P2k+1 &PQHI
with weight w(f) = 2(k+ 1)(I+ 1) — 1 (The signed dominating function f of P; X P,
is depicted in Figure 7). Hence v,(Pops1 B Py y) < w(f) =2k +1)(I+ 1) — 1.

Suppose that “/S(ﬁ2k+1|zp‘2[+1) = 2(k+1)(I+1)—1is not true. Then "YS(PQkH,l X
ﬁ21+1) < 2(k+1)(I+1)—3 by Lemma 9. Let g be a “/5(P2k+1 &PQIH) function. Hence
w(g) = |P| — |M] < Q(kj— 1 —l—_'l) — 3. We define Dy = DD,/(PQ/"TH_,& Poria) \
{Ya, Yor1}]. Then Dy 22 Py B Pog_yy41, and s0 vs(Dy) = vs(Pors1 B Pog_1)11) =
2l(k + 1) — 1 by the induction hypothesis. Clearly, g; = g|p, is a signed dominating
function of D;. Since X; C P, we derive that |{Ya, Yo11} N M| < k according to
Lemma 8. So vs(D1) < w(g1) = (|P| =3k —=2) — (|]M| —k) <|P|—|M|-2k-2<
2l(k + 1) — 3, a contradiction. Therefore, 73(]32;‘,4.1 X Pyy) =2k+1)(1+1)—1. O

We state the above results as the following theorem.

Theorem 15 For any positive integers m and n,

m [g-‘ for m even,
- -, m
Vs(Pn I P,) =< n [5-‘ for m odd and n even,
n [%—‘ + [%J for m odd and n odd.
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